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1.3. Valued fields

In algebraic geometry, the algebraic objects giving rise to points are fields. For Berkovich spaces,
the equivalent role is played by fields equipped with a valuation.4

1.3.1. Definitions. Recall that a valuation on a ring is a multiplicative norm. Note that we
do not assume that valuations are non-Archimedean or complete. A field equipped with a valuation
is called a valued field. Valuations on fields will often be denoted by | · | instead of k · k.

A valued field extension of a valued field (k, | · |) is a valued field (k0, | · |0) such that k is a subfield
of k0 and | · | is the restriction of | · |0 to k.

For us, the most important valued fields will be those for which the valuation is complete and
non-Archimedean. For simplicity, we will call such a valued field a non-Archimedean field. If we do
not want to assume completeness, we say non-Archimedean valued field.

1.3.2. Two theorems by Ostrowski. Every field k contains a unique prime field: a finite
field Fp (if k has characteristic p) or the field Q of rational number (if k has characteristic zero), so
every valuation on k restricts to a valuation on Fp or on Q.

It is easy to see that the only valuation on a finite field is the trivial valuation; see Exercise 1.3.2.
As a consequence, any valuation on a field of positive characteristic is non-Archimedean. The set
of valuations on Q is given by a theorem by Ostrowski. To formulate it, denote by | · |1 the usual
Archimedean norm on Q, see Example 1.2.6, and, for any prime p and any " 2 (0, 1), let | · |p," denote
the p-adic valuation on Q normalized by |p|p," = ", see Example 1.2.8.

Theorem 1.3.1. Any valuation | · | on Q is of one of the following three types:

(a) | · | is the trivial valuation;
(b) | · | = | · |⇢

1
for some ⇢ 2 (0, 1];

(c) | · | = | · |p," for some prime p and some " 2 (0, 1).

The proof of this classical result is left as an exercise, see Exercise 1.3.11. Let us say that a valued
field is Archimedean if the valuation is not non-Archimedean. A second result by Ostrowski gives a
classification of Archimedean complete valued fields, and in particular explains the terminology.

Theorem 1.3.2. Any Archimedean valued field is a valued subfield of (C, | · |⇢
1
), where 0 < ⇢  1.

A proof is outlined in Exercise 1.3.14; in view of Theorem 1.3.1, the key idea is to show that
(R, | · |⇢

1
) does not admit any transcendental valued extensions.

Theorem 1.3.2 implies that (C, | · |1) does not admit any nontrivial valued field extension. In
fact, a stronger result by Gelfand and Mazur states that there is no normed (not necessarily valued)
field containing (C, | · |1) except (C, | · |1) itself. This will be proved in §2.3.

1.3.3. Examples of non-Archimedean valued fields. We have already seen some examples
of non-Archimedean valued fields in §1.2.4: any field equipped with the trivial valuation, the field of
p-adic numbers, and the field of formal Laurent series. Here are some further examples.

Example 1.3.3. We can generalize formal Laurent series as follows. Let k be any field, and
� ⇢ R any subgroup. Define k[[T�]] as the set of Hahn series with exponents in �, i.e. the set of
series

a =
X

�2�

a�T
�
,

4Recall our convention that valuations are real-valued. In the theory of adic spaces or Riemann-Zariski spaces,
one considers general Krull valuations, see Remark 1.2.4. Valuations on fields are also called absolute values but we
shall not use this terminology here.
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where a� 2 k for all �, for which the support {� 2 � | a� 6= 0} ⇢ � is well-ordered, that is, every
nonempty subset has a least element. The addition and multiplication on k[[T�]] are defined in
the obvious way; multiplication is well defined by the assumption on well-ordered support. Given
r 2 (0, 1) we define a non-Archimedean valuation on k[[T�]] by setting

|
X

�

a�T
� | = r

min{�|a� 6=0}
,

with the convention |0| = 0. It is not hard to see that this is a well-defined complete non-Archimedean
valuation, whose restriction to k is trivial, see Exercise 1.3.15. Note that k((T )) = k[[TZ]].

Example 1.3.4. Let k be any field. The field k((T 1/1)) of formal Puiseux series is defined as
the valued subfield of k[[TQ]] consisting of Hahn series a =

P
�2Q

a�T
� with support in N

�1Z for

some integer N = N(a) � 1. Its completion is the subfield of k[[TQ]] consisting of Hahn series whose
support is discrete as a subset of Q (with respect to the Euclidean topology) and bounded below,
see Exercise 1.3.16.

Example 1.3.5. Let X be an normal integral scheme of finite type over a field k, and let K be
the function field of X. Let D ⇢ X be a prime Weil divisor, and ⇠ the generic point of D. Then the
local ring R = OX,⇠ is a discrete valuation ring; here the discrete valuation is usually taken in the
additive sense as a function v : K ! Z [ {+1} satisfying v(0) = +1, v|k⇥ ⌘ 0, v(ab) = v(a) + v(b)
and v(a+ b) � min{v(a), v(b)} for a, b 2 K, and satisfies R = {v � 0}. Given r 2 (0, 1), the function
| · | := r

v is now a non-Archimedean valuation on K.

1.3.4. Value groups and residue fields. The value group of a valued field k is |k⇥| := {|a| |
a 2 k

⇥}, where k⇥ = k\{0}. This is a subgroup of R⇥

+. Note that k is trivially valued i↵ |k⇥| = {1}.
We say that k is discretely valued if its value group is discrete as a subset ofR⇥

+; this implies |k⇥| = r
Z

for a r 2 (0, 1). When k is not trivially or discretely valued, its value group is dense in R⇥

+, see
Exercise 1.3.17.

If k0/k is a valued field extension, then the value group of k is a subgroup of the value group of
k
0, so we can consider the quotient group |k0⇥|/|k⇥|; more on this shortly.

Now suppose k is a non-Archimedean valued field. In this case, the valuation ring k
� := {|· |  1}

is a local ring, with maximal ideal k�� := {| · | < 1}. The (classical) residue field of k is the field
k̃ := k

�
/k

��. Its characteristic is called the residue characteristic of k. We say that k has equal
characteristic if char k = char k̃. Otherwise k has mixed characteristic.

If k0/k is an extension of non-Archimedean valued fields, then k
� = k

0� \ k and k
�� = k

0�� \ k,
so we have an extension k̃

0
/k̃ of residue fields.

As a variant, we can also consider graded reductions as in §1.2.8. Namely, pick a subgroup H ⇢
R⇥

+. The H-graded reduction is the H-graded ring k̃H :=
L

r2H
k̃r, where k̃r := {| · |  r}/{| · | < r}.

Proposition 1.3.6. If (k, | · |) is a valued field, then the H-graded reduction k̃H is an H-graded
field, that is, any nonzero homogeneous element of k̃H is invertible.

Proof. Let ã 2 k̃r be a nonzero homogeneous element, where r 2 H. We must show that ã

is invertible. Pick a preimage a 2 k under the graded reduction map. Thus |a| = r > 0, so a is
invertible, and |a| = r

�1 since | · | is a valuation. It follows that the image of a�1 under the reduction
map is an inverse of ã. ⇤

We therefore call k̃H the H-graded residue field of k. The most important are when H = {1}, in
which case we recover the classical residue field above, and when H = R⇥

+, in which case we simply

call k̃H the graded residue field.
As above, any extension k

0
/k of non-Archimedean valued fields induces an extension k̃

0

H
/k̃H of

H-graded residue fields.



1.3. VALUED FIELDS 41

1.3.5. Extensions of valuations. Let k be a valued field, and let k
0
/k be a field extension.

It is then a natural question whether the valuation on k extends to k
0. Theorem 1.3.2 gives strong

restrictions for this when the valuation on k is Archimedean.
The non-Archimedean case is drastically di↵erent: any non-Archimedean value on a field k admits

at least one extension to any field k
0 containing k. We will prove this in §2.8.1 using the Berkovich

spectrum. In important special situations, such as a finite or integral field extension k
0
/k, it is also

important to study the set of all extensions of a valuation on k to a valuation on k
0. We will do some

of this in §2.8.

1.3.6. Invariants of non-Archimedean valued field extensions. Using the value groups
and residue fields, we can associate various invariants to any extension k

0
/k of non-Archimedean

valued fields.

Definition 1.3.7. Let k0/k be an extension of non-Archimedean valued fields.

(a) The ramification index e(k0/k) is the cardinality of the quotient group |k0⇥|/|k⇥|.
(b) The residue degree f(k0/k) is the degree of the field extension k̃

0
/k̃ of (classical) residue

fields.

These invariants are mainly of interest when k
0
/k is a finite extension.

Theorem 1.3.8. For any extension k
0
/k of non-Archimedean valued fields we have

e(k0/k)f(k0/k)  [k0 : k] (1.5) e80096

Note that the right hand side does not involve the valuations on k and k
0.

Proof. Pick integers e, f � 1 such that e  e(k0/k) and f  f(k0/k). We can find elements
b
0

1, . . . , b
0

e
2 k

0⇥ such that the images of |b0
i
|, 1  i  e in |k0⇥|/|k⇥| are distinct. We can also find

elements c01 . . . , c
0

f
2 k

0� whose images in k̃
0 are linearly independent over k̃. It su�ces to prove that

the elements b0
i
c
0

j
2 k

0, 1  i  e, 1  j  f are linearly independent over k, as this will prove that
ef  [k0 : k].

Thus suppose there exist aij 2 k, not all zero, such that
P

i,j
aijb

0

i
c
0

j
= 0. Note that |c0

j
| = 1 for

all j. Set r = maxi,j |aijb0ic0j | = maxi,j |aijb0i| > 0. We may assume |a11b01| = r. Thus r 2 |b01| · |k⇥|,
so by the assumption on the b

0

j
we have |aijb0i| < r for all i, j with i 6= 1. As a consequence,

|
fX

j=1

a1jb
0

1c
0

j
| = |

X

i 6=1

fX

j=1

a1jb
0

1c
0

j
| < r.

If we set �j := a1j/a11, then �j 2 k
� and |

P
j
�jc

0

j
| < 1. This implies that the images of c0

j
in k̃

0 are

linearly dependent over k̃, a contradiction. ⇤

We will often need to consider transcendental extensions, in which case we will use two other
invariants. Given a subgroup H ⇢ R⇥

+, we define H
Q as the divisible subgroup of R⇥

+ generated
by H, i.e. the set of elements r

1/n where r 2 H and n 2 Z+. Note that we can view any divisible
subgroup H ⇢ R⇥

+ as a Q-vector space under the operation t · r := r
t for t 2 Q and r 2 H.

Definition 1.3.9. Let k0/k be an extension of non-Archimedean valued fields.

(a) The rational rank t(k0/k) of k0/k is the dimension of the Q-vector space |k0⇥|Q/|k⇥|Q.
(b) The residue transcendence degree s(k0/k) of k0/k is the transcendence degree of the field

extension k̃
0
/k̃ of (classical) residue fields.

(c) We also set d(k0/k) := s(k0/k) + t(k0/k).

The transcendental analogue of (1.5) is Abhyankar’s inequality, which can be stated as follows.
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Theorem 1.3.10. For any extension k
0
/k of non-Archimedean valued fields we have

d(k0/k)  tr. deg(k0/k) (1.6) e80097

Again, the right hand side does not involve the valuations on k and k
0. The proof is quite similar

to the one of Theorem 1.3.8, and is left as an exercise, see Exercise 1.3.25.

Corollary 1.3.11. For any algebraic extension k
0
/k of non-Archimedean valued fields we have

d(k0/k) = 0.

Next we note some elementary properties of the invariants above.

Lemma 1.3.12. The invariants above are additive in the following sense: if k00/k0/k are extensions
of non-Archimedean valued fields, then

i(k00/k) = i(k00/k0) + i(k0/k)

for i 2 {e, f, s, t, d}.

This follows easily from the definition of the invariants, see Exercise 1.3.24.

Lemma 1.3.13. Let k0/k be an extension of non-Archimedean valued fields such that k is dense
in k

0. Then we have i(k0/k) for i 2 {e, f, s, t, d}.

Indeed, k0 and k have the same value group and residue field.

Corollary 1.3.14. Let k0/k be an extension of non-Archimedean valued fields, and let k̂0/k̂ be
the extension of their completions. Then

i(k̂0/k̂) = i(k0/k)

for i 2 {e, f, s, t, d}.

As an alternative to the invariants above, we can work with graded reduction fields. For simplic-
ity, we only consider the case H = R⇥

+. Consider an extension k
0
/k of non-Archimedean valued fields.

Then k̃
0
/k̃ is an extension of R⇥

+-graded field, to which we can associate two natural invariants, as
explored in Exercise 1.3.26.

1.3.7. Maximally complete fields. An immediate extension of a non-Archimedean valued
field k is a valued field extension that has the same value group and residue field as k. A non-
Archimedean valued field (k, |·|) ismaximally complete if it admits no nontrivial immediate extension.
It is easy to see that a maximally complete field is complete; indeed, the completion of k is an
immediate extension. However, there exist complete non-Archimedean valued fields that are not
maximally complete, see Exercise 1.3.32.

Any trivially valued field is maximally complete, see Exercise 1.3.29. We also have

Proposition 1.3.15. Any discretely valued non-Archimedean field k is maximally complete.

Note that, by our convention, a “non-Archimedean field” is assumed complete.

Proof. Suppose k0/k is an immediate extension. Write | · | for the valuation on k
0. The common

value group of k and k
0 is of the form r

Z, where r 2 (0, 1).
We first claim that for any element a0 2 k

0⇥ there exists an element a 2 k
⇥ such that |a0 � a| 

r|a0|. Indeed, when |a0| = 1, this follows from the fact that k̃0 = k̃, and that |b0|  r for any b
0 2 k

0��,
and in general it follows by dividing a

0 by some element b 2 k with |b| = |a0|.
Using the claim repeatedly, we find elements ai 2 k, i = 0, 1, 2, . . . such that |ai|  r

i|a0| and
|a0�

P
n�1
i=0 ai|  r

n|a0| for any n � 1. Since k is complete, it follows that the series
P

1

i=0 ai converges
in k to a

0, so a
0 2 k. ⇤



EXERCISES FOR SECTION 1.3 43

1.3.8. Discs and spherically complete fields. Let (k, | · |) be a non-Archimedean valued
field. Define a closed disc, or simply disc in k to be a subset of the form

E(a, r) = {b 2 k | |b� a|  r},
where a 2 k and r > 0. In other words, a disc is a closed ball with respect to the distance on k

induced by the valuation. The proof of the following result is left as Exercise 1.3.33

Proposition 1.3.16. Discs in a non-Archimedean valued field k have the following properties.

(a) Any point in a disc can serve as the center: E(b, r) = E(a, r) for every b 2 E(a, r).
(b) Any disc is both open and closed in the topology on k induced by the valuation.
(c) Given two discs in k, either one contains the other, or else the discs are disjoint.

The same properties hold for “open” discs of the form D(a, r) := {b 2 k | |b� a| < r}.

Remark 1.3.17. If the value group of k is dense in R⇥

+, then the radius of a disc is uniquely
determined: if E(a, r) = E(b, s), then r = s. This no longer holds when k is trivially or discretely
valued. We will later associate open and closed “Berkovich discs” E(a, r) and D(a, r) inside the
Berkovich a�ne line over k; for these discs, the radius is always well defined.

Define a partial ordering on the collection of discs in k by inclusion. As usual, a collection E
of discs is then called a chain if for and two discs in E , one contains the other. We say that a
non-Archimedean valued field k is spherically complete if the intersection of all discs in any chain is
nonempty. It is not hard to see that any spherically complete field is complete, but the converse is
not true in general, see Exercise 1.3.32.

1.3.9. Kaplansky’s Theorem. A basic result of Kaplansky
Kap42

[Kap42] says that in fact the two
stronger completeness notions just described are equivalent.

Theorem 1.3.18. Let k be a non-Archimedean valued field. Then k is maximally complete i↵ it
is spherically complete.

Proof. *** Complete *** ⇤
Proof by Poonen?

Proposition 1.3.19. Every non-Archimedean valued field admits a spherically complete exten-
sion.

Exercises for Section 1.3
EX70002 (1) Prove that a bounded homomorphism between valued fields must be an isometric embedding.
EX70075 (2) Prove that the only valuation on a finite field is the trivial valuation. More generally, prove that

the only power-multiplicative norm on a finite field is the trivial valuation.
EX70111 (3) Let k be a field and let | · | : k ! R+ be a map such that |a| = 0 i↵ a = 0, |ab| = |a| · |b| for

a, b 2 k, and such that there exists a constant C > 0 with |a + b|  Cmax{|a|, |b|} for a, b 2 k,
and |n|  Cn for all n 2 N. Prove that | · | is a valuation on k.

EX70112 (4) Let k be a field and let f : k ! R+ be a map such that f(a) = 0 i↵ a = 0 and f(ab) = f(a)f(b)
for a, b 2 k. Prove that f is of the form f = | · |t for some valuation | · | and some t > 0 i↵ there
exists a constant C > 0 such that f(a+ b)  Cmax{f(a), f(b)} for all a, b 2 k.

EX70157 (5) Prove that the (separated) completion of a valued field is a valued field.
EX70158 (6) Let (k0, | · |0) be a valued field extension of another valued field (k, | · |).

(a) Suppose that the valuation | · | on k is trivial. Is it necessarily true that the valuation | · |0
on k

0 is also trivial?
(b) Suppose that the valuation | · | on k is non-Archimedean. Is it necessarily true that the

valuation | · |0 on k
0 is also non-Archimedean?
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EX70159 (7) Give an example of a non-Archimedean field (k, | · |) and a field extension k
0
/k such that the

valuation on k has more than one extension to a valuation on k
0.

EX70160 (8) Suppose | · | and | · |0 are valuations on a field k such that |a|  1 i↵ |a|0  1. Prove that there
exists t 2 R>0 such that | · |0 = | · |t.

EX70162 (9) Let | · | and | · |0 be valuations on a field k. Prove that | · | and | · |0 induce the same topology on
k i↵ there exists t 2 R⇥

+ such that | · |0 = | · |t. In this case, prove that t is unique unless | · | and
| · |0 are equal to the trivial valuation on k.

EX70164 (10) Consider the non-Archimedean field k((T )) of formal Laurent series over a field k. Give necessary
and su�cient conditions on k under which k((T )) is locally compact.

EX70148 (11) Prove Ostrowski’s Theorem (see Theorem 1.3.1) along the following lines. Let | · | be a nontrivial
valuation on Q.
(a) First assume that | · | is non-Archimedean. Prove that there exists a unique prime p such

that |p| < 1. Then prove that | · | = | · |p," for a suitable " 2 (0, 1).
(b) Now assume |·| is not non-Archimedean. Thus there exists an integer n > 1 such that |n| > 1.

Prove that if m > 1 is any other integer, then |m|
1

log m � |n|
1

log n . Do this by expanding n
k

in base m for k � 1. Now use symmetry to conclude that there exists ⇢ 2 (0, 1] such that
| · | = | · |⇢

1
.

EX70067 (12) Let | · | be a semivaluation on C[T ] whose restriction to C is given by | · |⇢
1
, where ⇢ 2 (0, 1]. Use

the following outline to prove that there exists a 2 C such that |f | = |f(a)| for all f 2 C[T ].
(a) Prove that the function f : C ! R+ defined by f(a) = |T � a| is continuous in the topology

defined by | · |⇢
1
, and attains its global minimum at some a0 with |a0|  2|T |.

(b) Prove that we are done if min f = 0, so suppose min f > 0. Make a linear change of variables
to reduce to the case 1 = |T |  |T � a| for all a 2 C.

(c) By factoring the monic polynomial Tn�a
n, where n � 0, prove that |T �a| = 1 for |a| < 1.

(d) Applying linear change of variables, conclude that |T � a| = 1 for all a 2 C, and derive a
contradiction.

Conclude that there is no valuation on C(T ) extending | · |⇢
1

on C.
EX70068 (13) Modify (and use) the argument in Exercise 1.3.12 to prove that there is no valuation on R(t)

extending | · |⇢
1

on R.
EX70069 (14) Prove Ostrowski’s classification of Archimedean valued fields k (see Theorem 1.3.2) along the

following lines.
(a) Reduce to the case when k is complete.
(b) Prove that the prime field of k is Q. Then use Ostrowski’s classification of valuations on Q

to show that k must be a valued field extension of (R, | · |"
1
) for some " 2 (0, 1].

(c) Using Exercise 1.3.13, prove that k cannot be a transcendental extension of R. Conclude
that k = R or k = C. In what follows, assume k = C.

(d) Prove that the functions a 7! |a| and a 7! |ā| are continuous on (C, | · |1). Conclude
that the function f(a) 7! |ā|/|a| must attain its maximum and minimum on the unit circle
{|a|1 = 1}.

(e) Prove that |ā| = |a| for all a 2 C.
(f) Prove that |a| = |a|"

1
for all a 2 C.

EX70149 (15) Let k be a field and � ⇢ R be a subgroup. Prove that the field k[[T�]] of Hahn series (See
Example 1.3.3) is a well-defined (complete) non-Archimedean field.

EX70151 (16) Let k be a field. Verify the statements about the field k((T 1/1)) and its completion in Exam-
ple 1.3.4.

EX70165 (17) Let H ⇢ R⇥

+ be an infinite subgroup.
(a) Prove that if H is discrete as a subset of R⇥

+, then H = r
Z for a unique r 2 (0, 1).

(b) Prove that if H is not discrete, then H is dense in R⇥

+.
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EX70166 (18) Prove that if k is algebraically closed, then the value group |k⇥| ⇢ R⇥

+ is divisible, that is, if
r 2 R⇥

+ and r
n 2 |k⇥| for some n � 1, then r 2 |k⇥|. Is the converse true?

EX70168 (19) Prove that k has residue characteristic p i↵ |p| < 1. Conclude that if k has characteristic p, then
it also has residue characteristic p.

EX70169 (20) Let k0/k is a non-Archimedean valued field extension.
(a) Prove that the classical reduction k̃ of k is a subfield of the classical reduction k̃

0 of k0.
(b) For any subgroup H ⇢ R⇥

+, prove that the H-graded reduction k̃H is a graded subfield of

the H-graded reduction k̃
0

H
of k0.

EX70170 (21) Give examples of non-Archimedean field having
(a) equal characteristic zero;
(b) equal characteristic p;
(c) mixed characteristic.

EX70199 (22) Compute the R⇥

+-graded reduction of the following non-Archimedean valued fields:
(a) any trivially valued field k;
(b) the field k((T )) of Laurent series;
(c) the field k[[T�]] for any subgroup � ⇢ R.
(d) the field k((T 1/1)) of formal Puiseux series.

EX70173 (23) Let H ⇢ R⇥

+ be any subgroup and k any field. Construct a non-Archimedean field with value
group H and residue field k.

EX70152 (24) Prove Lemma 1.3.12.
EX70195 (25) Prove Abhyankar’s inequality as stated in Theorem 1.3.10, using the following steps. Pick integers

s  s(k0/k) and t  t(k0/k). We can find elements b0
i
2 k

0�, 1  i  s whose images b̃0
i
2 k̃

0 are
algebraically independent over k̃. We can also find elements c0

j
2 k

0⇥, 1  j  t whose images in

|k0⇥|Q/|k⇥|Q are linearly independent over Q.
(a) Prove that the monomials (b0)µ(c0)⌫ , µ 2 Zs

+, ⌫ 2 Zt

+, are linearly independent over k.
(b) Conclude that s+ t  tr. deg(k0/k).

(26) * Let k0/k be an extension of non-Archimedean valued fields, and let k̃0/k̃ be the induced exten-EX70196

sion of R⇥

+-graded fields.

(a) Prove that e(k0/k)f(k0/k) is equal to the dimension of k̃0 as a graded k̃-vector space.
(b) Prove that s(k0/k)+t(k0/k) is equal to the transcendence degree of the graded field extension

k̃
0
/k̃.

EX70174 (27) Let k be a non-Archimedean field. Prove that the value group |k⇥| of k is discrete (as a subset
of R⇥

+) i↵ the valuation ring k
� of k is Noetherian.

EX70006 (28) Give examples of non-Archimedean field extensions k0/k (with k and k
0 complete) such that:

(a) e(k0/k) = 0 and f(k0/k) = 1;
(b) e(k0/k) = 1 but f(k0/k) = 0;
(c) s(k0/k) = 0 and t(k0/k) = 1;
(d) s(k0/k) = 1 but t(k0/k) = 0.

EX70197 (29) Prove that any trivially valued field is maximally complete.
EX70176 (30) Prove that the field k[[T�]] is maximally complete for every field k and every subgroup � ⇢ R.
EX70198 (31) Let k

0
/k be an extension of non-Archimedean valued fields. Prove that k

0
/k is an immediate

extension i↵ the canonical induced map k̃ ! k̃
0 of R+-graded fields is an isomorphism.

EX70072 (32) Let k be a non-Archimedean valued field. Prove that the completion k̂ is an immediate extension
of k. Conclude that if k is maximally complete, then it is complete. Also give an example showing
that the converse may fail.

EX70071 (33) Prove Proposition 1.3.16.
EX70178 (34) Let k be a non-Archimedean field, and let E be any collection of discs in k (see §1.3.8). Prove

that the intersection of all the discs in E is either empty, a point in k, or a disc in k.
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EX70029 (35) Prove that the completion of the field k((T 1/1)) is not spherically complete. Hint : consider discs
centered at points

P
n

1 T
�i , where �i is a strictly increasing bounded sequence of positive rational

numbers.
EX70180 (36) Prove that if k is complete and discretely valued, then k is spherically complete. Do this without

using Kaplansky’s theorem.

Categorical exercises. Consider the following categories.

Name Objects
VF valued fields
CVF complete valued fields
NAVF non-Archimedean valued fields
NAF non-Archimedean fields

In all these categories, the morphisms are isometries (see Exercise 1.3.1).

(37) * Describe all the monomorphisms and epimorphisms in the categories above.EX70055

EX70057 (38) Find the initial and terminal objects of the categories above (if they exist).
EX70059 (39) Let C be any of the categories above, and consider the forgetful functor from C to the category

of fields. Is this functor full? Is it faithful? Is it essentially surjective?
EX70060 (40) Let C be any of the categories above, and consider the forgetful functor from C to the category of

topological fields (i.e. fields equipped with a topology with respect to which the natural algebraic
operations are continuous). Is this functor full? Is it faithful? Is it essentially surjective?

(41) * What other interesting properties do the categories above have?EX70082

Possible additional exercises

EX70171 (42) Prove that if k is an algebraically closed non-Archimedean field, then the residue field k̃ is also
algebraically closed.

EX70172 (43) Give an example of a non-Archimedean field k that is not algebraically closed but whose residue
field k̃ is algebraically closed.

(44) Is there a graded version of the characterization that k is discretely valued i↵ k
� is Noetherian?

EX70177 (45) Characterization of local fields? Complete valued fields in which closed discs are compact?
(46) Prove that the completed algebraic closure of Qp is not spherically complete.
(47) Use Zorn’s Lemma to prove that every non-Archimedean field k admits a spherically complete

non-Archimedean field extension k
0. Also prove that k0 may in fact be taken algebraically closed.


